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We propose a quantum heat engine based on a quadratically coupled optomechanical system. The opti-
cal component of the system is driven periodically with an incoherent thermal drive, which induces periodic
oscillations in the mechanical component. Under the action of the quadratic optomechanical interaction, the
mechanical mode evolves from an initial thermal state to a thermal-squeezed steady state, as verified by cal-
culating the Wigner functions. The dynamics of the system is identified as an effective four-stroke Otto cycle.
We investigated the performance of the engine by evaluating the dissipated power, the maximum power under
a load, and the maximum extractable work. It is found that the engine operating with quadratic optomechanics
is more powerful than the one operating with linear optomechanics. The effect is explained by the presence of
squeezing in the quantum state of the mechanical mode.
I. INTRODUCTION
Quantum heat engine (QHE) is a term typically used to
describe a machine that can harness work out of thermal re-
sources using a quantum working substance [1, 2]. QHEs has
attracted much attention in the last few decades [3–35] and
some experimental demonstrations have been reported [36–
38]. Recently, another class of quantum machines which can
convert useful energy out of non-equilibrium reservoirs, in
particular squeezed thermal noise, has been theoretically pro-
posed [39] and experimentally observed [40]. While advan-
tages of quantum reservoirs on the engine performance are
shown to be significant [41–47], it is not clear if additional
complexity and extra energy cost of preparing such quantum
correlations would reduce their supremacy over classical re-
sources or not. Following a more orthodox approach here,
we ask if we can see benefits of profound quantum states,
in particular squeezing, of a working system to harvest work
out of classical heat baths. For that aim, we consider a sys-
tem known for its capability of generating squeezing, namely
quadratically coupled optomechanical system as our working
substance [48].
Optomechanical working substance is a natural proposal to
investigate quantum thermodynamics of QHEs. It has both
the steam-like and piston-like components which are the opti-
cal and the mechanical subsystems, respectively. On the other
hand, all the existing proposals of optomechanical QHEs are
limited to linear coupling [31–35, 47]. Linear coupling de-
scribes the radiation pressure induced displacement of the me-
chanical mode, which in terms of quantum states yield a co-
herent thermal state. This state is in fact a close analog of a
classical state and yields only a marginal difference if the en-
gine harvest the classical resources stochastically [47]. It has
been recently argued that the mechanical mode can be exter-
nally pumped with a squeezed drive. In Ref. [49], a quantum
heat engine is proposed based on a two-level system (TLS) as
the working fluid that simultaneously interacts with the cold
and hot baths, in addition, it is also coupled with a cavity that
plays the role of the piston. It is reported that, when the quan-
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tized piston mode is subject to a non-linear (quadratic) drive,
it evolves into a thermal-squeezed state. The work capacity
of the piston is considerably enhanced for the quadratic drive
as compared to the case when the piston mode is subject to
linear external drive. Here, we consider quadratic optome-
chanical coupling which can generate squeezing without the
additional complexity or energy cost of any external drive.
There is another scheme for a QHE based on an optome-
chanical system [34]. For the work extraction from the sys-
tem, the initial state of the mechanical mode needs to be in a
so-called thermodynamically non-passive state [50]. A non-
passive state is a one from which work can be extracted uni-
tarily until it becomes passive [51–65]. Non-passive states
can also be regarded as quantum batteries [57, 60] or quan-
tum flywheels [66]. The maximum amount of work that can
be extracted from a non-passive state by means of a cyclic
unitary transformation is called ergotropy [53]. On contrary,
passive states have zero ergotropy. In our model, the initial
state of the mechanical mode is completely passive. By com-
puting the Wigner functions, we verify that the optical mode
remains in a thermal state, and the mechanical mode evolves
to a thermal-squeezed state, which has finite ergotropy. In or-
der to compare the thermodynamic behavior of the proposed
engine with the classical engine cycles, we plot the mean en-
ergy versus the frequency of the optical mode modified by the
mechanical feedback. This leads to the identification of an
effective Otto engine cycle. In addition, we compare the lin-
early and quadratically coupled optomechanical QHEs [47]
using three figures of merit, namely the maximum work ca-
pacity, the dissipated power, and the power under load.
Rest of the paper is organized as follows. In Sec. II, we give
the quantum model based on the quadratic optomechanical
coupling between the optical and the mechanical resonators.
In Sec. III, we calculate the Wigner functions for piston mode
and identify the effective Otto cycle in our engine. In Sec. IV,
we calculate and compare the figure of merits of the output
powers for the linear and the quadratic optomechanical cou-
pling. Finally, we conclude our discussion in Sec. V.
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2FIG. 1. (Colour online) Schematic diagram of the quantum heat
engine composed of an optical cavity and a mechanical membrane
that interacts via quadratic optomechanical coupling g. The opti-
cal resonator has the high frequency (HF) ωa, and the mechanical
resonator is low-frequency (LF) resonator with frequency ωb . The
optical (mechanical) resonator is coupled to an independent heat bath
at temperature Ta (Tb). In addition, the optical resonator is driven by
a quasi-thermal periodic drive. In our heat engine cavity-mode plays
the role of working fluid and mechanical resonator is our piston.
II. THE MODEL
The schematic diagram of our heat engine is shown in
Fig. 1. It is based on an optical cavity that contains a mov-
able membrane, and they are coupled via the quadratic op-
tomechanical coupling. The strength of this single-photon
coupling is denoted by g, and the optical (mechanical) res-
onator has a frequency ωa (ωb), such that ωa  ωb. We
assume that the quadratic optomechanical coupling has neg-
ative values throughout this paper [67, 68]. In our model the
cavity-mode is working fluid and mechanical resonator plays
the role of piston. The coupling between the optical and me-
chanical modes can be expressed as [69]
Hˆsys = ωa aˆ† aˆ+ωbbˆ†b+ gaˆ† aˆ(bˆ+ bˆ†)2, (1)
here and in the rest of the paper we take h¯ = 1, moreover,
aˆ (aˆ†) and bˆ (bˆ†) are the annihilation (creation) operators for
the optical and mechanical modes, respectively. We assume
that the optical and mechanical resonators are coupled to two
independent thermal baths at temperature Ta and Tb, respec-
tively. In addition, the optical resonator is driven by another
a quasi-thermal periodic drive with power spectral density Sh.
The temperatures of the thermal baths and periodic drive can
be determined by,
n¯a =
1
exp (ωa/Ta)− 1 , (2)
n¯b =
1
exp (ωb/Tb)− 1 , (3)
n¯h =
1
exp (ωa/Th)− 1 . (4)
We take kB = 1. Here, Th is the temperature of periodic
drive on optical resonator. We consider that Th > Ta, Tb. Fur-
thermore, n¯a and n¯b are the mean number of excitations in
the baths for optical and mechanical resonators, respectively,
while the mean number of excitations for the thermal drive at
temperature Th is given by n¯h. The dynamics of the system
can be described by the master equation [70],
˙ˆρ = −i[Hˆsys, ρˆ] (5)
+ κa(n¯a + 1)D[aˆ] + κan¯aD[aˆ†]
+ κb(n¯b + 1)D[bˆ] + κbn¯bD[bˆ†]
+ κh(t)(n¯h + 1)D[aˆ] + κh(t)n¯hD[aˆ†],
where, κa and κb are coupling constants of optical and me-
chanical resonators with their respective thermal baths. The
coupling of the optical resonator with the additional thermal
drive is described by periodic time-dependent coupling coef-
ficient κh(t). D[αˆ] := (1/2)(2αˆρˆαˆ† − αˆ†αˆρˆ− ρˆαˆ†αˆ) is the
Lindblad dissipator superoperator with αˆ = aˆ, bˆ.
III. NONPASSIVITY OF THE PISTON MODE
The stability condition for the quadratic optomechancial
system with the membrane-in-middle dictates that (ωb −
4n¯g) > 0 [71], where n¯ is the mean number of photons
inside the cavity. This requires nh < 0.80, in the parame-
ters regime we consider here. In order to reduce the num-
ber of control parameters for convenience in the numerical
simulations, we assume identical mean number of excitations
n¯a = n¯b := n¯c = 0.01, in the thermal baths. Without loss
of generality, we assume the case in which both optical and
mechanical resonator’s baths have the same mean number of
excitations, therefore we introduce n¯c := n¯a = n¯b. This
is possible if Ta/Tb = ωa/ωb, which implies that we have
Ta  Tb. We emphasize that this is not a requirement for the
operation of our engine. Accordingly, the temperatures of the
baths are Ta ∼ 104 mK and Tb ∼ 5 mK. Thereupon, thermal
baths have the hierarchy of the temperatures Th > Ta > Tb.
The thermal periodic drive acting on optical resonator has a
temporal profile of square wave κh(t) := κhs(t). For heating
and cooling stages the square wave s(t) = 1 and s(t) = 0,
respectively. If the external thermal pulse is on, the optical
mode heats to the temperature of the thermal drive, and when
the pulse is off, this mode cools to the temperature Ta. In con-
trast, the mechanical mode always coupled with a cold bath at
temperature Tb. Heating and cooling stage each has the same
time of pi/ωb.
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FIG. 2. (Colour online) (a)-(d) The Wigner functions in the p, q field quadrature phase space of the piston mode plotted at (a) ωbt = 0, (b)
ωbt = 30, (c) ωbt = 300, and (d) ωbt = 3000 (steady-state). The other system parameters are κa/ωb = 4, κb/ωb = 0.04, g/ωb = −0.6,
and n¯h = 0.75.
Fig. 2 shows the Wigner functions of the reduced density
matrix ρb = Tra[ρ(t)] of the mechanical mode at different
values of scaled time ωbt. With n¯h = 0.75, the initial state of
the piston (mechanical) mode is thermal as shown in Fig. 2a.
The state of the mechanical resonator evolves from thermal
(passive) to a thermal-squeezed (non-passive) state as shown
in Figs. 2b-2d. This change in the state of the mechanical
resonator is due to the periodic thermal drive and quadratic
optomechanical interaction. We also observed that for suffi-
ciently small values of n¯h the initial state of the piston mode
remains thermal which has no work content. However, for
higher values of n¯h the initial state of the mechanical res-
onator evolves to a thermal-squeezed state. The Wigner func-
tions exhibit larger widths with increasing n¯h conforming to
the increasing fluctuations. The Wigner functions are entirely
positive, conforming to the fully classical dynamics associ-
ated with the mixture of thermal states character of the piston
mode. On the other hand, mechanical and optical modes are
still quantum correlated, which contribute to the dynamics of
the 〈nˆb〉.
A. Effective Otto engine cycle
To identify the effective Otto engine cycle in our model,
we define the effective frequency ωeff := ωa + gq2 of the
working fluid (optical resonator), where qˆ = bˆ + bˆ† is the
position operator of the mechanical resonator. This effective
frequency can be considered as the change in the optical mode
frequency associated with variations in the position of the me-
chanical resonator. Accordingly, we can also define the ef-
fective mean energy Ua = ωeff〈nˆa〉 of the optical resonator
mode, and nˆa = aˆ† aˆ the photon number operator of the opti-
cal resonator. In the factorization of the effective energy, we
have ignored the correlations between 〈nˆa〉 and 〈qˆ2〉. In order
to identify the engine cycle, we plot the effective mean energy
Ua of the working fluid against effective frequency ωeff, for
n¯h = 0.125, as shown in Fig. 3.
Fig. 3a shows a four-stage engine cycle, the first stage of
our engine cycle is isochoric heating of the optical resonator
under the action of the thermal pulse. Fig. 3a shows this stage,
which is indicated by the arrow from point A to B in the figure
at ωeff ∼ 1.38. During this stage, the effective frequency ωeff
of mechanical resonator remains constant, while optical res-
onator receives incoherent energy from the thermal pulse. The
optical mode thermalizes quickly under the action of noise
pulse as compared to mechanical resonator, which cannot fol-
low the thermalization of the optical mode.
The second stage in our engine cycle is the adiabatic ex-
pansion, which is indicated by the arrow from point B to C’ in
Fig. 3a. During this stage of the cycle, the effective frequency
ωeff decreases to ∼ 1.32 and the displacement of the mechan-
ical resonator from mean position increases. Moreover, the
entropy of the optical resonator remains constant as shown in
Fig. 3b, that can be calculated by
Sa = (1+ 〈nˆa〉) ln (1+ 〈nˆa〉)− 〈nˆa〉 ln (〈nˆa〉). (6)
During B to C’ (Fig. 3) of the cycle, the heating pulse remains
on but optical mode is in thermal equilibrium with its environ-
ment, and it is working on the piston mode. The state of piston
starts evolving from thermal state to a thermal-squeezed state,
and piston converts heat into potential energy that to be har-
vested. From C’ to C there is a transitional stage which can
not be identified with the standard thermodynamic process.
The third stage of our heat engine cycle is isochoric cool-
ing, that is indicated by the arrow from points C to D at ωeff
∼ 1.32. During this stage, the heat pulse is turned off, and
there is a rapid decrease in the mean excitation number of the
optical resonator mode. The last stage of the cycle is adiabatic
compression of optical mode, in which the effective frequency
increases to ωeff ∼ 1.55. Accordingly, the mean position of
the mechanical resonator decreases, and the entropy remains
constant during this stage. This final stage is denoted by D to
A’ in Fig. 3b. There is another transitional stage from A’ to
A that completes the engine cycle.
IV. PERFORMANCE OF THE ENGINE
Our engine can be described by the Otto-cycle excluding
the transitional stages in the cycle. The transitional stages of
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FIG. 3. (Colour online) (a) The dependence of the mean effective
energy Ua = ωeff〈nˆa〉, and (b) the entropy S(ρa) versus effective
frequency ωeff = ωa + gq2 of the optical resonator at the steady-
state. n¯h = 0.125, and all other parameters are given in the Fig. 2.
the engine do not strongly affect the temperature-entropy (T-
S) cycle which is shown in Fig. 4a. This (T-S) cycle looks
similar to standard Otto engine cycle. Here we introduce an
effective temperature that is given by
Teff = ωeff/ ln (1+ 1/〈nˆa〉). (7)
The shape of the T-S cycle of our four-stage engine is similar
to experimentally obtained cycle for single-atom heat engine
proposed in [72], and for nanomechanical Otto engine driven
by squeezed reservoir [73].
Area of T-S cycle: The area of the effective T-S curve de-
fines the useful energy content which is stored in the thermal-
squeezed state of the mechanical resonator and not dissipated
as heat. The piston mode undergoes to coherent oscillations
due to the cyclic work output of the effective Otto engine. This
can cause ever-increasing oscillation amplitude of the piston
mode, however it is balanced by the friction effect of the cold
baths attached to the mechanical resonator. The amplitude of
piston mode oscillations can be determined using the methods
in circuit QED [70]. The area of the T-S cycle can be con-
sidered as a figure of merit for the potential work output from
the working fluid. The shape of the cycle in Fig. 4a can be ap-
proximated by a trapezoid, and we can estimate the net output
work by Wa ∼ 2.7× 10−2h¯ωa ∼ 1.7× 10−25 joules. The
power can be calculated if we divide the work output with
the heating pulse period 2pi/ωb = 2 ns, which is the cycle
time of our engine. The power from working fluid for the pa-
rameters we considered is Pa ∼ 8.9 × 10−17 W. The input
heat taken by working fluid can also be calculated from the
Fig. 4a, and we find Qin ∼ 0.30h¯ωa. Considering these val-
ues of work output and heat intake the efficiency of our engine
becomes η = Wa/Qin ∼ 0.09%. We note that similar values
of work output and efficiency can be found from the 〈nˆa〉-ωeff
cycle diagram, which is similar to Fig. 3. Moreover, the work
output increase with the increasing values of n¯h, but we cannot
increase this indefinitely. The stability condition on quadratic
optomechanical model limits the indefinite increase of n¯h.
Dissipated interal power (DIP): Alternatively, in order to
estimate the power of the heat engine another figure of merit,
called dissipated internal power, can be calculated, which is
given by [33]
P = −Trωbnˆbκb[(n¯b + 1)Dbˆ[ρˆ] + n¯bDbˆ† [ρˆ]], (8)
= ωbκb(〈nˆb〉 − n¯c).
This describes the net flux energy dissipated by the piston
mode into its environment. The qualitative behavior of the
DIP is the same as of the mean excitation number of the
mechanical resonator which is oscillatory around some mean
value. For the given system parameters, the maximum DIP
has obtained at the maximum value of the mean number of ex-
citations of the mechanical resonator; Pmax ∼ 〈nˆb〉max. DIP
is plotted as a function of n¯h in Fig. 4b, for both linear and
quadratic optomechanical couplings. The qualitative behav-
ior of DIP is same for both linear and quadratic coupling, and
for very small values of n¯h, the difference between the dis-
sipated powers is small for the linear and quadratic models.
The reason for low power at small n¯h is due lack of coher-
ence building and the small amount of squeezing of the me-
chanical mode in linear and quadratic coupling (cf. Fig. 3),
respectively. As we increase n¯h the squeezing in the mechani-
cal mode increases and correspondingly dissipated power has
more useful work content than the incoherent energy or heat.
We get more dissipated power for the quadratic optomechan-
ical coupling based heat engine, than for a linear coupling
model with the same system parameters, this is shown in
Fig. 4b. For small values of n¯h, the difference in the dissi-
pated power for two models is small, but for the sufficiently
high values of n¯h this difference becomes pronounced.
Power under load : Another way of estimating the power
of our engine is dissipated power under load. When a load is
attached to mechanical resonator, then power dissipates in its
presence is termed as dissipated power under load (PL) [33].
The external load attached to the mechanical resonator creates
additional damping along with friction introduced by the en-
vironment of the mechanical resonator. Accordingly, the dy-
namics of the system changes and we replace κb → κb + κL.
The expression for PL is similar with Eq. (8) and given by
PL = −TrωLnˆbκL[(n¯b + 1)Dbˆ[ρ˜] + n¯bDbˆ† [ρ˜]], (9)
= ωbκL(〈nˆb〉 − n¯c).
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FIG. 4. (Colour online) (a) T-S diagram of the optical mode for n¯h = 0.125. (b) The maximum dissipated internal power P (in units of κb h¯ωb)
with respect to average number of excitations in the hot bath, (c) the maximum power under load PL (in units of κL h¯ωb) as a function of
external load κL for n¯h = 0.450, (d) maximum extractable work ∆F (in units of h¯ωb) for different values of n¯h. Blue lines are for linear and
red lines are for quadratic optomechanical interaction. We use the frequency of the mechanical resonator, ωb, to scale our parameters and the
values are as given in the Fig. 2.
Here ρ˜ is obtained by substituting κb → κb + κL in the Eq. (5).
It is clear from Eq. (9) that if there is no load κL = 0, or
when κL → ∞ (very heavy load under which thermal ma-
chine won’t work), dissipated power under load becomes zero.
Moreover, there is optimal value of external load κL for which
we get maximum power P∗L = κ∗LPL. This can be used as a
potential figure of merit for quantum heat engine working un-
der an external load [33]. Fig. 4c shows the dissipated power
under load PL as a function of external load κL. As predicted,
when there is no external load κL = 0 and for κL → ∞, power
dissipated under load is zero. There is an optimal value of load
(κ∗L) exists, that yields maximum power. Again, the power for
the quadratic coupling based model is greater than linear cou-
pling, and this difference is largest for the optimal value of
load κ∗L. We also note that the squeezing in the mechanical
resonator decreases as we increase the external load κL, and
the state of the piston mode becomes completely passive in
the limit κL → ∞.
Work capacity : Another figure of merit for the work ex-
traction from quantum heat engine is based on non-passivity
of the piston mode. This describes the maximum extractable
work from the non-equilibrium steady state of the mechanical
resonator. The uper bound of the maximum extractable work
for a given quantum sate ρ that is subject to a given Hamilto-
nian H can be given by [74, 75],
Wmax ≤ KBTS(ρ||ρG(H)), (10)
where ρG(H) is the Gibbs state, and S(ρ||ρG(H)) is the rela-
tive entropy between the quantum state ρ and the Gibbs state,
which can be described as: S(ρ||ρG(H)) = Tr[ρlog(ρ) −
ρlog(ρG)]. We can rewrite the Eq. (10) as [33],
Wmax ≤ F(ρ)− F(ρG(H)) = ∆F. (11)
Here F(ρ) is the free energy of the non-equilibrium steady
state. In our model, this can be determined by the differ-
ence in the mean energy of the mechanical resonator and
the Von Neumann entropy of the steady state of the system;
F(ρ) = Tr[ρHˆb]−KbTbS(ρ). In addition, Hˆb is the Hamilto-
nian of the mechanical resonator. In our heat engine, although
the initial state of the piston is thermal, however, under the
action of quadratic optomechanical interaction it evolves to a
thermal-squeezed state. Likewise, the optical resonator works
on the piston, consequently the energy is stored as extractable
6work in it, and state of the piston becomes non-passive. This
extractable work can be calculated by the difference in the
free energies as given in Eq. (11). We plot this ∆F in Fig. 4d
for both linear and quadratic optomechanical coupling based
models. Again, the work capacity of the piston in case of
quadratic interaction is higher than for linear coupling. The
reason for this increase in the work capacity is due to the abil-
ity of the squeezed state to store work. We like to empha-
size here that, in the calculation of power Pa (Fig. 4a), we
have ignored the correlations between the mean photon num-
ber of the optical resonator and position of the piston mode;
〈nˆa qˆ2〉 = 〈nˆa〉〈qˆ2〉. On contrary, this factorization is not per-
formed while calculating the dissipated internal power, power
under load and work capacity, presented in Figs. 4b-4d. In
addition, we calculate the work and power of the engine at
steady-state, the engine passes through a large number of tran-
sient Otto cycles to reach the steady-state. During the tran-
sient regime, the piston mode has more squeezing as shown
in the Figs. 2b and 2c as compared to steady-state squeez-
ing (Fig. 2d). The decrease in squeezing of the piston mode
is due to the presence of strong dissipation in the sideband-
unresolved regime of optomechanics; ωb  κa. To calculate
the work of a particular cycle during the transient regime, one
has to perform energy measurement on the system after the
completion of that cycle. This will kill the quantum correla-
tions between the optical and mechanical components of our
system [76]. If we calculate the work of each cycle by using
the method given in Ref. [76], the output work will be differ-
ent than the calculated work at steady-state reported in Fig. 4.
This is due to the fact that in Figs. 4b-4d, the quantum corre-
lations are present, and these correlations will not play a role
if one uses the projective measurement method presented in
Ref. [76].
Finally, we present some remarks about the parameters of
our quadratic optomechanical heat engine for the experimen-
tal realization. The parameters regime we used κb < ωb <
κa, can be realized in a planar silicon photonic crystal cav-
ity [77], or in circuit QED by mapping the quadratic optome-
chanical coupling onto the superconducting electrical circuit
system [69]. The key challenge is to realize single-photon
quadratic optomechanical coupling regime in which mechan-
ical resonator frequency becomes comparable with quadratic
coupling. In our work, by taking into account the stability
of the system we considered g < ωb for other system pa-
rameters given in Fig. 2. Experimentally the single-photon
strong coupling regime in the quadratic optomechanical sys-
tem has not been achieved so far. However, recent experi-
mental advances in this field may able to achieve this regime
in the future. In a planar photonic crystal cavity, the single-
photon coupling strength can be enhanced from a few Hz to 1
kHz [78] or several hundred kHz [77]. Moreover, in Ref. [79]
the quadratic optomechanical coupling strength g has been es-
timated in MHz regime. There are several theoretical propos-
als that also exploit the single-photon quadratic optomechani-
cal coupling regime [71, 80–83].
V. CONCLUSIONS
In conclusion, we proposed and examined a quantum heat
engine based on a general quadratic coupled optomechanical
system. In our model, the working fluid mode (optical) is
driven incoherently with a quasi-thermal drive, and it interacts
with the quantized piston mode via quadratic optomechanical
interaction. Accordingly, the piston evolves from an initial
thermal state to a thermal-squeezed state. These states be-
long to the class of so-called thermodynamically non-passive
states, as work can be extracted from such states. We verified
the thermal-squeezed state of the piston mode by numerically
calculating the Wigner functions. Thermodynamical proper-
ties of the heat engine are investigated by plotting the effective
mean energy for different values of effective frequency of the
working fluid mode. We identified an effective Otto cycle,
and estimated the extractable work by calculating the area of
effective T-S cycle diagram, which ignores the quantum cor-
relations between the optical and mechanical components, as
one figure of merit. In addition, we calculated the internal dis-
sipated power, dissipated power under load, and work capac-
ity of the piston which are sensitive to quantum correlations.
We reported that all these figures of merits show higher work
output for the quadratic interaction relative to linear optome-
chanical interaction.
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